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Characters of Finite Quasigroups 
K. W. JOHNSON AND J. D. H. SMITH 
1. INTRODUCTION 
This paper sets out to sketch some of the basics of a character theory for finite non-empty 
quasigroups, generalising the traditional ordinary character theory for groups. At first 
sight such a task might seem to have little chance of success, since the group characters 
are traces of matrix representations which depend essentially on the presence of associativ-
ity. However, there are combinatorial theories available providing descriptions of group 
characters which do not involve matrix representations (e.g. the 'association schemes' of 
Delsarte [8], the 'coherent configurations' of D. G. Higman [12], and the 'Schur rings' 
of Tamaschke [20]). Section 2 below presents the relevant notions from quasigroup 
theory-the multiplication group, quasigroup conjugacy classes, and the space of class 
functions-which enable one to apply these theories to quasigroups. The absence of an 
identity element in a quasigroup (more precisely, the absence of a pointed idempotent) 
forces one to alter one's approach on generalising from groups to quasigroups. Thus one 
must consider congruences rather than normal subgroups. Further, it is the direct square 
of the quasigroup that is partitioned by the conjugacy classes, and where the arguments 
of the characters are taken. With this preparatory work done, the third section works 
through the application of the combinatorial theories. Their applicability is demonstrated 
in Theorem 3.1, using an earlier result of quasigroup theory, and then the details of the 
combinatorics are recapitulated in a form appropriate to this application. Particular 
interest attaches to observing directly the effect of relaxing the requirement of associativity. 
Quasigroup characters as class functions and the character table of a quasigroup are given 
explicitly, and the characters are seen to form an orthonormal basis for the space of class 
functions. In Theorem 3.6 it is demonstrated that the character table of a quasigroup 
includes enough information to specify its congruence lattice (which is analogous to the 
lattice of normal subgroups of a group). (One of the referees has pointed out that Theorem 
3.6 may be proved in a more general setting. Since the proof would be on lines similar 
to ours, we restrict ourselves to a statement of the general version and to pointing out 
an interesting consequence which appears to be new.) The paper concludes with a 
straightforward illustrative example. 
2. CONJUGACY CLASSES OF QUASIGROUPS 
A quasigroup (Q,.) is a set Q with a binary operation . or juxtaposition called 
multiplication such that in the equation x· y = z, knowledge of two of x, y, z specifies the 
third uniquely. Alternatively, in universal algebra terms, it is an algebra (Q, . ,/ , \) with 
three binary operations· ,I, and \ satisfying the identities (x· y)/y=x, x\(x· y)=x, 
(x/ y) . y = y, and x· (x\y) = y [4, p. 9], [7, p. 164]. The mappings R(x): Q~ Q; q ..... q. x 
and L(x): Q~ Q; q ..... x· q are permutations of Q for each x in Q, and the subgroup of 
the symmetric group on Q generated by {R(x), L(x)lx E Q} is called the multiplication 
group of Q, denoted by G or MltQ. For example, if Q is a group, G is given by the 
short exact sequence 
<I T 
l~Z(Q) ~Qx Q ~G~ 1, 
43 
0195-{i698/84/010043 + 08 $02.00/0 © 1984 Academic Press Inc. (London) Limited 
44 K. W. Johnson and 1. D. H. Smith 
where ,1 : Z( 0) ~ a x 0; z~ (z, z) is the diagonal embedding of the centre Z( 0) of a 
in the direct square, and T: a x O~ G; (x, y)~L(X)-IR(y).t 
The multiplication group G of a has a diagonal action G on a x 0, namely g: a x a ~ 
OxO;(x,y)~(xg,yg) for each g in G. The orbits under this action are called the 
(quasigroup) conjugacy classes of· O. One is the diagonal 0, the relation of equality on 
O. Since flipping the factors of the direct product a x a is an automorphism of the action 
of G, to each conjugacy class C there corresponds a converse conjugacy class C- 1 := ~ 
{(x, y)l( y, x) E C}. If a is a group, each quasigroup conjugacy class C is specified by 
C(1):= C (") ({I} X Q)7T2' The various C(1) are the orbits of the stabiliser G 1 of the identity 
element 1 in the multiplication group G, i.e. the orbits of the inner automorphism 
grou~in other words, the usualgrou~jugacyclasses. Then{l} = 0(1), and if x E C(1), 
one has X-I E C-1(1), since (1, x-1)R(x) = (x, 1). If a is a loop, then loop conjugacy 
classes may be defined similarly as the orbits of the inner multiplication group (cf. 
[4, p. 63]). 
It may be mentioned in passing that there are direct applications of the theory of 
primitive groups in the theory of quasigroups. If C is a conjugacy class in the quasigroup 
a then define the size of C to be I CI/ 101. Then if a is simple (i.e. there are no proper 
homomorphic images) its multiplication group is primitive. Theorem 2 of [16] then gives 
the following: if 1 = no < nl ~ n2 ~ ... ~ nr are the sizes of the conjugacy classes in a 
simple quasigroup then ni ~ (nl -l)ni-1 for i ~ 2. In fact the simplicity of a is not strictly 
necessary. It is pointed out in [6] that the result is true if a class C1 of size nl generates 
the whole of Ox a under the operation of relation product, i.e. a x a c 
{C1 U C1 0 C1 U ••• }. In the case where Q is a loop, in which case a conjugacy class may 
be identified with a subset of 0, this is equivalent to the statement that C1 generates a 
with respect to the loop mUltiplication. 
From now on, a will denote a finite non-empty quasigroup. The set of complex-valued 
functions on a x a then has, as well as the usual complex vector space and pointwise 
(or 'Hadamard') multiplication structure, an additional multiplication called convolution. 
The convolution 8 * 4> of two functions 8 and 4> is given by 8 * 4>(x, y) = 
LEQ 8(x, z)4>(z, y). It is easily verified that convolution is bilinear and associative. The 
algebra of complex-valued functions thus obtained has as a subalgebra the space of class 
junctions, those functions constant on each of the conjugacy classes. To check that the 
space of class functions is closed under convolution, let 8 and 4> be class functions, let 
(x, y)E Ox 0, and gE G. Then 
8 * 4>(xg, yg) = L 8(xg, z)4>(z, yg) = L 8(xg, zg)4>(zg, yg) 
ZEQ zgEQ 
= L 8(x, z)4>,(z, y) = 8 * 4>(x, y). 
ZEQ 
One may extend the domain of definition of a class function 8 by setting 8(X) = 
L(X.Y)EX 8(x, y) for X s; a x O. The complex space of class functions has an inner product 
(,) given by 
10 x 01(8,4» = 8 * 4>( 0). (2.1) 
t It has been remarked that there are several equivalent ways in which quasigroups may be described. A set 
T of permutations on a set Q is regular if for each pair (p, q) of Q x Q there exists a unique t E T such that 
pt = q (in [1] such a set is called a simply transitive system). Schur and Wielandt described the centraliser ring 
of a permutation group containing a regular subgroup in terms of the subgroup, and this description may be 
extended to the situation where the group contains a regular set. See Proposition 8 of [14] and Proposition 
2.2 of [15]. 
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The normalisation is chosen to give the Hadamard unit or zeta function (: 0 x 0 ~ {1} 
unit length, i.e. «(, D = 10 X 01- 1 LEQ LEQ (x, z)(z, x) = 1. If 0 is a group, 8 deter-
mines a group class function 8' with 8'(x) = 8(1, x). Then 
(8* </J)'(x) = 8 * </J(1,x) = I 8(1,z)</J(z,X)= I 8(1,z)</J(zL(z)-I,xL(z)-I) 
ZEQ ZEQ 
= I 8'(z)</J'(Z-I X) = I 8'(z)</J'(t) = 8' * </J'(x), 
ZEQ zt=x 
so that convolution of quasigroup class functions corresponds to the usual convolution 
of group class functions. Further, 
(8,</J)=loxor l I I 8(X,Z)</J(Z,X) 
XEQ ZEQ 
X,ZEO 
= 101-1 I 8'( y)</J'( y-I), 
YEQ 
so that the inner product of 8 and </J is the usual inner product of 8' and </J' as group 
class functions (cf. [9, pp. 222-223]). 
3. THE CHARACTER TABLE 
According to Delsarte [10, Section 2.1], an association scheme (0, r) consists of a 
finite set 0 (with at least two elements) and a partition r = {6 = Cb C2 , ••• , C} of 0 x 0 
such that: 
(A2) the converse of each relation in r belongs to r, and 
(A3) for each triple (i, j, k) E {1, ... ,S}3, there is a natural number p~y = pW such that 
for each (x, y) in Ck , 
I{z E Ol(x, z) E C, (z, y) E q}1 = p~,~). 
The Bose-Mesner algebra [10, Section 2.2] of the association scheme is the complex 
algebra generated by the incidence matrices of the relations in r (and thus having the 
p~,7) as structure constants). Recall that, for a group G of permutations of 0, having a 
faithful representation 0 by permutation matrices acting on the complex vector space 
CO with 0 as basis, the centraliser ring V(G, 0) is the algebra of matrices commuting 
with 0 [14], [17], [21, Section 28]. It is an example of an S-ring or Schur ring over G 
in the sense of [19]. 
THEOREM 3.1. Let 0 be a finite quasigroup (with at least two elements), and G its 
multiplication group. Then the conjugacy classes of 0 form an association scheme whose 
Bose-Mesner algebra is the centraliser ring V( G, 0). 
PROOF. Define p:OXO~G; (x, Y)HR(x\X)-IR(x\y), as in [17]. For a fixed x in 
Q with stabiliser Gx in G, the set {p(x, y)ly EO} is a loop transversal to Gx in G in the 
sense of [14]. In [17, pp. 430-431] it was shown that the permutation matrices in CO 
representing the various IZEyG
x 
p(x, z) as y ranges through 0 generate V( G, 0). Further, 
by [17, Lemma 4], V( G, 0) is commutative. Now the matrix representing IZEyGx p(x, z) 
is just the incidence matrix of the conjugacy class of 0 containing (x, y), and so the 
incidence matrices of the conjugacy classes generate V( G, 0), a commutative algebra. 
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This commutativity verifies axiom (A3). Thus the conjugacy classes do indeed form an 
association scheme, having V( G, 0) as its Bose-Mesner algebra. 
Remarks. 1. Delsarte's non-triviality condition 101> 1 may be relaxed to non-empti-
ness of 0 in the above and throughout. 
2. Identifying matrices of endomorph isms of CO with respect to the basis 0 with 
complex-valued functions on 0 x 0 identifies the Bose-Mesner algebra with the algebra 
of class functions under convolution. 
From now on, let 0 be a finite non-empty quasigroup with conjugacy classes CI = 
6, C2 ,··., C. Let Ci, be the converse C;I of C;. Let 101 = nand ICil = n' ni' Let 
AI:::: I, A2, ••• ,As be the incidence matrices of CI, Cz, ... , Cs• The conjugate transpose 
At of Ai is the incidence matrix of Cil. Thus the matrices A b ... ,As form a pairwise 
commuting set of normal matrices. It follows [8, Section 11.5] that there is a unitary 
matrix U simultaneously diagonalising the Ai, i.e. such that Di = UAi U* is diagonal for 
i = 1, ... ,s. The algebra generated by the Di, namely UV( G, O)U*, has a basis Eb ... ,Es 
of orthogonal idempotents, where EI = n-IUJU* (J the all-l matrix) has just one non-zero 
component (d. [10, Theorem 2.2] and [19, p. 102]). Set tr Ei = Ii' Thus Ei is a matrix 
with Ii Is on the diagonal and zeroes elsewhere. Since {Db" . ,Ds} and {EI, ... ,Es} are 
bases for U V (G, Q) U*, there are mutually inverse complex s x s matrices E =: (gij) and 
H = ('TIij) such that 
and 
s 
Di= L gijEj 
j=1 
s 
Ei = L 'TIijDj, 
j=1 
(3.1) 
(3.2) 
for i = 1, ... , s. The matrices E and nH are Delsarte's 'eigenmatrices' of the association 
scheme (0, r); Tamaschke calls the gij the values of the 'V(G, O)-characters of G'. 
Some elementary properties of E, H, and the p~.7) are summarised in the following lemma. 
LEMMA 3.2. For i, j = 1, ... ,s: 
(a) 'TIi1 = fJ n, glj = 1, and 'TIlj = 1/ n; 
(b) P~Y = ni5i'j; 
(c) 'TIij=iii6 
(d) L~=I 'TIikiijknk = 5;Jt/n. 
PROOF. (a) Notice that tr DI = n, tr Di = tr Ai = ° for i ~ 1. The first result then 
follows on taking the trace of (3.2). The second result holds since DI = I = EI + .. .- + Es. 
Finally, J = AI + ... + As implies EI = n-IDI + ... + n-IDs' 
(b) By (A3), for (x, x) in 0, 
plY = I{y E Ol(x, y) E C;, (y, x) E Cj}1 
= 5i'jl{y E Ol(x, y) E Ci}1 = ni5i'j' 
(c) One has that Dj = (UAjU*)* = UAj'U* = UAjU* = D j• Then by(3.2), 
s s s 
L 'TIijDj = Ei = Et = L iiijDj = L iiij'Dj> 
j=1 j=1 j'=1 
whence (c) follows on equating coefficients of D j• 
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(d) Since {E1> ... ,Es} is a basis of orthogonal idempotents, BijEi = EiEj. By (3.2), 
Equating coefficients of D1> 
s s 
Bij1}il = L L 1}i,,1}jIPl~l. 
k=II=1 
Since au = I, one has u*a* = I, i.e. L;= 1 iijkt,j = Bkl. From Lemma 3.2( d) it follows that 
s s s 
fit,J n = L Bi/it,j/ n = L L 1}iknk iijkt,j 
j=1 j=1 k=1 
s 
= L 1}iknkBkl = 1}iln" 
k-I 
h ( /)1/2l: -1 (1)-1 /2-W ence Ji ~/inl = n Ji 1}iI. 
DEFINITION 3.3. The complex s x s matrix 'it with components "'iI = (fY/2g/ini l == 
n(f;)-l/2iiil for i, 1= 1, ... , s is called the character table of the quasigroup Q. The class 
functions "'i: Q x Q ~ C with "'i(X, y) = "'iI for (x, y) in CI are called the basic characters 
of Q. 
By Lemma 3.2(a), "'II = n(fl)-1/2ijll = 1 and "'i1 = !l/2. Thus "'1' the 'principal character', 
is just the zeta function, but unlike the group case the other basic characters may take 
non-rational values on 6 (see Section 4 for an example). By Lemma 3.2(c), "'iI' = 
n(fi)-1/2 ii il' = n(f;)-I/21}iI = ~il' The fi have another interpretation. They are the degrees 
of the irreducible representations of MltQ which are contained in the permutation matrix 
representation of this group (see [19]). 
THEOREM 3.4. The character table 'it of a finite quasigroup Q satisfies the orthogonality 
relations 
s 
L "'ki(frkj = n8ij/ ni (3.3) k-l 
and 
s 
L "'ik~jknk = nBii' (3.4) 
k = 1 
The basic characters of Q form an orthonormal basis of the space of complex class 
functions on Q x Q. 
PROOF. Since I = au, one has that 
s s 
Bij = L gik1}kj = L ni"'ki(A)-1/2(A)1/2~kjrt-l, 
k=1 k=1 
whence (3.3). By Lemma 3.2(d), 
s s 
Bi/Jn = L 1}ikiijknk = L n- I (frik(fY/2n-1"'ik(h)1/2n", 
k=1 k=1 
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from which (3.4) follows on taking the complex conjugate. Finally, for x in Q, 
s 
n(I/Ii,I/Ii)= L I/Ii(X,y)I/Ij(Y,x)= L L I/Ii(X, y)I/Ii(Y, x) 
YEQ k=1 (X.Y)ECk 
s s 
= L nkl/likl/lik' = L nkl/likifiik = nl)ii k=1 k=1 
by (3.4), so that {I/Il," . , I/Is} is a linearly independent orthonormal set of class functions. 
Since the space of class functions has dimension s, it is also a basis. 
COROLLARY 3.5. The character table of Q yields the following information for 
i, i= 1, ... , s: 
s 
(a) n = L I/Iklifikl; 
k=1 
(c) fi = I/IT1; 
(d) TJii=(I/Ii1ifiii)/Ct I/Ik1ifikl); 
(e) gii = (I/Iii £ I/Iklifikl)/(I/Iil £ I/Ikiifiki)' k=1 k=1 
For groups, (3.3) and (3.4) reduce to the usual orthogonality relations [9, (31.19) an(l 
(31.18)]. . 
The character table of a group determines the normal subgroups [13, p. 23] as 
intersections of the kernels of the irreducible characters. The idea of [6, Prop. 3.1] giving 
criteria for the imprimitivity of a symmetric association scheme may be adapted to yield 
the following result. 
THEOREM 3.6. The character table of a finite quasigroup Q specifies the congruence 
lattice of Q. 
PROOF. It will be shown that the 'eigenmatrix' H specifies the congruence lattice; 
Theorem 3.6 then follows from Corollary 3.5(d). 
If V is a congruence relation on Q, it is invariant under the diagonal action G of the 
multiplication group, since for each q in Q one has V.R(q) = V(q, q) = V and VL(q) = 
(q, q) V = V. Thus V is a union of conjugacy classes, amongst which Q appears. Let 
V = Cil U ... U C;, with il = 1. Let I VI = nv. Then the incidence matrix A v of V is 
Ail + ... + Ai" and since V is transitive one has that At = vA v. Let Dv = UAv U* = 
L:=I viEi' Then L:=1 v;Ei = Dt = vDv = L:=I vViEi, so that there is a subset {iI> ... ,it} 
of {1, ... ,s} such that 
(3.5) 
Applying (3.2) to the right hand side of (3.5), one obtains 
Dil + ... + Di, = vTJh IDI + vTJhzDz + ... + vTJhsDs + ... (3.6) 
+ vTJj,1DI + vTJi,zDz + ... + vTJi,sDs. 
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Thus for the congruence Von Q, there is a t x s submatrix Hv = (1]j;kI1,,;;; i,,;;; t, I,,;;; k,,;;; s) 
of H whose column sums are either v-lor 0, and V is the union of those conjugacy 
classes Ck for which the sum of the kth column is non-zero. 
Conversely, suppose H has a txs submatrix Y=(1]j;kI1,,;;;i,,;;;t,l,,;;;k,,;;;s), the sum of 
whose kth column is V-I for k in {i l = 1, i2 , ••• ,ir } and zero otherwise. Let Oy = 
Oil + ... + D i" Ay = U*OyU, and V = Cil U .•. U Ci, Then by (3.6), Oy = 
vEl" + ... + vEl"' so that O~ = vOy and A~ = vAy. It follows that V is a reflexive and 
I' A 
transitive relation on Q invariant under the action of G. Let (x, y), (z, t) E V. Then 
(xz, yz) E V$) = V and (yz, yt) E vay) = V, whence (xz, yt) E V by transitivity. Thus 
V is a subalgebra of (Q x Q,' ). Now VR«z, t» = V(z, t) = V and VL«z, t» = (z, t) V = 
V imply VR«z, t))-I = V and VL«z, t))-I = V, in particular (x, y)R«z, t»-I = 
(x/ z, y / t) E V and (x, y)L«z, t))-I = (z\x, t\y) E V. Thus V is a reflexive subalgebra of 
(Q x Q,' ,/, \). It follows [18, 143 and p. 21] that V is a congruence on Q. Thus the 
congruence relations on Q are precisely the Cil U . . . U Ci, for which there is a submatrix 
Y = (1]j;kI1,,;;; i,,;;; t, I,,;;; k,,;;; s) of H having column sums 1/ v for k E {i l = 1, i2 , • •• , ir } and 
zero otherwise. In particular H specifies the congruence lattice of Q. 
The more general version of Theorem 3.6 is as follows. We use the notation of [20]. 
THEOREM 3.7. For any C-S ring S on any finite group G the S-character table of G 
specifies the S-normal subgroups of G. 
An interesting consequence of this is when H is a group and G is the group generated 
by the mapping group of H and the outer automorphisms of H (the holomorph). Then 
if S is the centraliser ring of G, the S-normal subgroups of G correspond to characteristic 
subgroups of H (more precisely, the subgroup K cHis characteristic if the union of 
double cosets GeKGe is S-normal in G). Hence the lattice of characteristic subgroups 
of H is specified by the corresponding character table. 
NOTES. 1. Bruck [3, Theorem I.12B] proved that the loop algebra CQ of a loop Q 
splits as a direct sum of s simple algebras. 
2. Character tables of quasigroups display some of the properties of Brauer's pseudo 
groups [2]. However, his results do not carryover in general since his axioms are not all 
valid for quasigroup character tables. It would be interesting to investigate whether 
sufficient conditions may be placed on a quasigroup so that its character table is a pseudo 
group. See also [11, Section 3]. 
4. AN EXAMPLE 
This concluding section works through the easiest non-trivial example illustrating the 
above topics. Let Q be the set of powers of i in the complex plane, equipped with the 
multiplication x 0 y = xy. Then G is the dihedral group D4 • The conjugacy classes 
Cl> C2 , C3 are the relations of equality, diametrical opposition, and adjacency on the unit 
circle respectively. Taking 1, i, -1, -i as ordered basis elements for CQ, the adjacency 
matrices of these relations diagonalise simultaneously to DI = I, O2 = diag( 1, 1, -1, -1), 
and 0 3 = diag(2, -2, 0, 0). The algebra generated by these matrices has a basis EI = 
diag(1, 0, 0, 0), E2 = diag(O, 1,0,0), E3 = diag(O, 0,1,1) of orthogonal idempotents. Thus 
the matrices S, 4H, and Yare: 
(
1 1 1)(1 1 1 -1, 1 
2 -2 ° 2 
~ -~)," ( ~ ~ -O~) 
-2 ° Ji -Ji 
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respectively. Notice that "'3 takes the non-rational value 21 /2 on 6. As an illustration of 
Theorem 3.6, the 2 x 2 principal minor of H has each column sum 1/2, corresponding 
to the congruence relation on Q that is the kernel of the homomorphism (Q, 0 ) ~ 
(±1,· ); X'-H 2. 
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